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Abstract

Linear Discriminant Analysis (LDA) is a widely used
technique for pattern classification. It seeks the linear pro-
jection of the data to a low dimensional subspace where
the data features can be modelled with maximal discrim-
inative power. The main computation involved in LDA is
the dot product between LDA base vector and the data
which is costly element-wise floating point multiplications.
In this paper, we present a fast linear discriminant analy-
sis method called binary LDA, which possesses the desir-
able property that the subspace projection operation can be
computed very efficiently. We investigate the LDA guided
non-orthogonal binary subspace method to find the binary
LDA bases, each of which is a linear combination of a small
number of Haar-like box functions. The proposed approach
is applied to face recognition. Experiments show that the
discriminative power of binary LDA is preserved and the
projection computation is significantly reduced.

1. Introduction

By finding the feature space that can best discrimi-
nate objects from others, discriminative methods have been
widely used in pattern classification applications including
face recognition [2], image retrieval [5], tracking [4]. Lin-
ear discriminant analysis (LDA) is a widely used discrim-
inative method. It provides a linear projection of the data
into a low dimensional subspace with the outcome of max-
imum between-class variance and minimum within-class
variances. LDA has been used for face recognition which
is commonly called “fisherface” [2].

The main computation in LDA is the dot product of
a data vector with all the LDA base vectors. This can
be computationally expensive especially when the original
data dimension is high because it involves many floating
point multiplications. Recently [7] has used Haar-like box
functions as image features for face detection. In particu-
lar, [6] showed that an image can be represented as a lin-
ear combination of binary box functions to arbitrary preci-

sion. This representation is called non-orthogonal binary
subspace (NBS) because the binary box base vectors are
generally not orthogonal to each other. Examples of such
binary box functions are shown in Figure 1. These binary
box base vectors consist of one or two 2D rectangular areas.
In these areas, the base image values are 1. The rest image
area has value 0. The main benefit of using this form of
base vectors is that the projection of the data can be com-
puted very efficiently. The inner product of an input vector
with these base vectors can be computed as the image inten-
sity sum in one or two rectangular image areas. As shown
in [7], only three or seven integer additions are needed by
using the integral image. This has inspired us to find a sub-
space representation that has similar discriminative power
as LDA but with highly reduced computation using binary

box base vectors.

Figure 1. Three typical binary box functions.
Left and middle are one-box functions and
right is a symmetric two-box function.

Main contributions of this paper include:

e A novel efficient discriminative subspace method
called binary LDA (B-LDA) which has comparable
classification performance with LDA but with much
reduced computation.

e AnLDA guided NBS method to obtain the binary LDA
bases each of which is spanned by binary box func-
tions.

e The application of the binary LDA method to face
recognition.

The rest of the paper is organized as follows: we introduce
some background of LDA in section 2. In section 3, the B-
LDA method for general object classification is presented.
The application of the B-LDA in face recognition is demon-
strated in section 4. We conclude the paper in section 5.
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2. Linear Discriminant Analysis subjectto: w; =Y a;p;
j

Linear Discriminant Analysis (LDA) [2] is a class spe-
cific discriminative subspace representation that utilizes su-
pervised learning to find a set of base vectors, denoted as
w;, in such a way that the ratio of the between- and within-
class scatters of the training sample set is maximized. This
is equivalent to solving the following generalized eigen-
value problem.

where ¢; is a binary box function. «; is the coefficient.
c(w;) is the computational cost of the base vector w;. Ba-
sically, the objective function consists of two terms: the first
term is the discriminative power term which is the ratio of
the between- and within-class scatters; the second term is
the computation cost term, with 3 as a positive weight to
control the relative importance of the two terms. Since the

T B-LDA base vectors are represented as linear combination
(WS, W| ! ;
Wt = argmax m = [wi,wa,...,way] (1) of a small number of box functions, there is no guarantee
w v that they are orthogonal to each other, so the B-LDA sub-
where {w;|1 < i < M} are the LDA subspace base vec- space is a non-orthogonal subspace. The relation between

tors, M is the dimension of the subspace. S, and S,, are the LDA and B-LDA subspaces is illustrated in Figure 2.
between- and within-class scatter matrices with the follow-

ing forms, 3.2. The solution: LDA guided NBS
S, = Z Ni(pi — ) (s — ) ¥ ) . The search space for th.e optimization problem in Eq. 4
i=1 is huge because the solution can be any base vector that
. is a linear combination of any box functions from the bi-
S, = Z Z (x — ) (xi — 1) " 3) nary dictionary D. Even for a small image of size 24 x 24

as used in our experiments, there are 134998 box func-
tions in D. This makes it difficult to find the global opti-
where c is the number of classes. x € R is a data sample. mal solution. We propose an LDA guided NBS method to
X is the set of samples with class label 4. p; is the mean find a sub-optimal solution efficiently by approximating it-
for the all the samples with the class label i. N; is the num- eratively computed LDA bases using binary box functions.
ber of samples in the class i. When S,, is non-singular, the By controlling the number of binary box functions used to
base vectors W sought in the above equation are the first M/ approximate LDA bases which is closely related with the
most “significant” eigenvectors of S!S, that correspond c(w;) in Eq.4, we can obtain a good approximate solution.
to the M largest eigenvalues {A;[1 < < M}. For a given Optimized orthogonal matching pursuit (OOMP) used
test sample x, we can obtain its representation in LDA sub- in NBS [6] to find the NBS base vectors is a technique
space by a simple linear projection W x because the LDA for computing adaptive signal expansion by iterative selec-
base vectors are orthogonal to each other. To avoid the so tion of base vectors from a dictionary. Such a dictionary
called small sample size (SSS) problem, the input x is usu- D = {¢;}ics is usually non-orthogonal (binary box func-
ally projected to a low dimensional PCA subspace and use tions in our paper). The OOMP algorithm iteratively selects

=1 x;€X;

the projection coefficients as input to LDA. base vectors @5 = [¢y,, ..., ¢, ] according to the following
procedure: Suppose that at iteration k the already selected

3. The approach k base vectors are defined by the index set Ay = (I;)5_;.
To find the next base vector in iteration £ + 1, the OOMP

3.1. The problem formulation prescribes to select the index [, that minimizes the new
approximation error:

In the original LDA, the problem is formulated to find

the linear subspace that can best discriminate the data within €ht1 = Min M’ Ivill # 0, i € Ay, (5)

class from other classes. While in the proposed binary LDA, v [l

we aim at finding a subspace representation that can pre- . S

serve the discrimination power of the traditional LDA and where & = x = Ro,, (x) is the approximation er-

ror using ®x, and v; = ¢ — Ra, (¢i). Re,(x) =
Op(PF®,)"1dTx is the recontruction of the signal x us-
ing the non-orthogonal base vectors Ag. Ay is the subset
of indices that are not selected in the previous iteration k,
. ie. A, = I — Aj. An effective implementation of this
W = arg max (WS, W]| _ 52 o(wi) @) optlmlzathn can be achieved by the forv&{ard adaptive bi-

w  [WTS, W] orthogonalization [1]. In essence, OOMP is a greedy algo-

at the same time, reduce the computation cost involved in
the floating point dot product. The binary LDA is formu-
lated as follows:

%
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Figure 2. Relation of LDA subspace (orthogonal) and B-LDA subspace (non-orthogonal).

rithm that finds a sub-optimal decomposition of data vector
using minimum number of base vectors in D.

In the LDA guided NBS, we denote the selected B-LDA
base vectors up to iteration k as Wy, = [w1, Wa, ..., Wg].
This set is empty at the beginning. We start from the orig-
inal LDA procedure to obtain the first principal component
that captures the majority of the data variance. We call the
first principal component the Pre-LDA vector, denoted as
w; . NBS is then applied to approximate this vector as
W = Z;.V:lo ¢j1¢;1. Then, in iteration k, the data X is
projected to the subspace spanned by the already selected
B-LDA bases W_1, and LDA is applied on the residual of
the data X — Rw,_, (X) to obtain the next Pre-LDA w,
which is again approximated using NBS. The approxima-
tion of Pre-LDA at iteration k is called the k-th B-LDA base
vector. This procedure iterates until the desired number of
B-LDA bases have been obtained or an error threshold is
reached.

Generally, it takes a large number of box functions to
represent each Pre-BLDA perfectly. However, the computa-
tional cost term in the objective function prefers a solution
with fewer box functions. To make the optimization sim-
pler, we enforce a computational cost constraint by finding
the minimum number of box functions that satisfy:

(1= )llwl* < [[w=|]* < |lwlf? (6)

where w; is the reconstruction of w; using binary box
functions. 7 € [0, 1] is the approximation error threshold
that controls the precision. A smaller value of 7 tends to
produce a more accurate approximation. /N is the dimen-
sion of the base vector. The comparison of LDA, pre-BLDA
and B-PCA base vectors are shown in Figure 3. Figure 4
demonstrates the selected box functions used to approxi-
mate the first iteratively selected LDA base vectors.

Since these bases are linear combination of binary box
functions, there is no guarantee that they are orthogonal
to each other. As a result, the reconstruction process be-
comes Pw(x) = W(WTW)~'WTx, This pseudo-
inverse projection can be approximated using direct dot
product (DNP): Pw (x) = WTx. Experiments show that
this approximation does not cause much performance de-
duction. It can be proved that the error between the direct
dot product signal representation in B-LDA subspace and

that in LDA subspace has an upper bound.

Figure 3. Comparison of the original LDA
bases, pre-LDA bases, binary LDA bases (r =
0.8), binary LDA bases (7 = 0.5), from left to
right.

4. Experiments

We tested the proposed B-LDA method for face classi-
fication. B-LDA is applied on the training data to find the
bases, then the testing image are projected onto these bases
to obtain the feature vector, the classification is achieved
using nearest neighbor.

4.1. Face recognition

For face recognition, 500 frontal view images from the
FERET database were used. These images were spatially
aligned and scaled to 24 x 24 pixels. The first 4 of these
B-LDA bases are shown in Figure 3. Figure 4 shows the
features used to approximate the first pre-LDA base vec-
tor. Figure 5 shows the classification performance using
pseudo-inverse projection. As can be observed, in general,
the performance increases with the number of base vec-
tors used. Even with the approximation error 7 to be 0.8
(very coarse approximation), the classification performance
of B-LDA is comparable to LDA. Figure 6 is the compari-
son of the classification performance using direct dot prod-
uct (DNP) approximation and the projection with pseudo-
inverse. As can be observed, the smaller the 7, the smaller
difference between DNP and pseudo-inverse projection.
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Figure 4. Some of LDA guided OOMP se-
lected box functions to approximate the first
binary LDA base vector.
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Number of base vectors

Figure 5. Comparison of the LDA and B-LDA
performance with 7 = 0.8.
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Figure 6. The recognition rate of the dot prod-
uct and pseudo inverse with - = 0.8.

4.2. Speed Improvement

Suppose the data vector is of dimension /V, and there are
n LDA base vectors, the projection of a data vector to the
LDA subspace takes n x N floating point multiplications
and n x (N — 1) + (n — 1) floating point additions. But
for B-LDA, each base vector is represented as a linear com-
bination of binary box functions, i.e., w; = Zj o @j, the
projection operation becomes, w/x = 3_. a;(¢]x). The
dot product between the image and box functions quTx can
be computed using 3 or 7 integer additions using integral
image trick. So the computation for B-LDA is n x |A| float-
ing point multiplications and between 3 X n x [A| +n — 1
and 7 x n x |A|+n — 1 additions, where |A| is the number
of binary box functions used to represent each LDA base
vector. Since |A|] < N, we have n X |[A| < n X N, the
computation of B-LDA is much less than LDA. Using B-
LDA, the computation is reduced from O(N) to constant,

which is only related to the number of box functions used
to approximate each LDA base vectors. The experiment for
speed improvement is carried out on a Pentium 4, 3.2GHz,
1G RAM machine, using C++ code. Fifteen base vectors
are computed, for both LDA and B-LDA, and the time to
project images onto each subspace is observed. The B-LDA
used direct dot product projection. We tested 1000 samples
and use compute the time of a single projection operation
as the average and the results are listed in Table 1.

Table 1. Comparison of the computational
cost between LDA and B-LDA projection op-
eration.

Threshold : T 0.5 0.8
#box functions 424 99
Trpa (sec) 3.15 x 10714
T;; (integral image) (sec) 472 x 107°
Trpa(sec) 813 x 1079 [ 2.10 x 10~
Speedup (g— 44— 27.97 60.23

5. Conclusion

A novel efficient discriminative method called B-LDA is
presented in this paper. It inherits the properties of LDA
in terms of discriminating data from different class while
take advantages of the computational efficiency of non-
orthogonal binary bases. We applied the B-LDA method
to the face recognition. Promising results are demonstrated.
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